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Global Nuclear-Structure Modeling

Historically success is associated with

• Relatively simple ideas

• Few model parameters

• Consistent application

• Close look at experimental data



What is a model?

• Can be explained(!)

• Can describe new data

• Can describe other types of quantities than those
that primarily motivated its development

• Can be generalized to describe new stuff.



Bethe-Weizs äcker Mass Model (1935)

In the first global MACROSCOPIC nuclear-mass model the

nuclear ground-state mass is given byEFLma(Z;N; shape) =MHZ (Hydrogen� atom mass)+MnN (Neutron mass)�B(N;Z) (Nulear binding energy)



Nuclear Binding Energy BW (1935)

The nuclear binding energy according to BW is given byB(N;Z) =+avA (Volume energy)�asA2=3 (Surfae energy)�aC Z2A1=3 (Coulomb energy)
�aI (N � Z)2A (Symmetry energy)�Æ(A) (Pairing energy)



Nuclear POTENTIAL ENERGY BW (1939)

B(N,Z) =

+avA (Volume energy)

−asA2/3Bs(β) (Surface energy)

−aC
Z2

A1/3
BC(β) (Coulomb energy)

−aI
(N − Z)2

A
(Symmetry energy)

−δ(A) (Pairing energy)
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Nuclear Deformation Energy

Let the nuclear surface be described byr(�; �) = R0 [1 + �2P2(os �)℄
The surface energy lowest order Taylor expansion:Es = E0s (1 + 25�22)
The Coulomb energy lowest order Taylor expansionEC = E0C(1� 15�22)
The energy at deformation �2 relative to spherical shapeEdef(�2) = EC(�2) + Es(�2)� (E0C +E0s )
If Edef is negative then the system has no barrier wrt fissionEdef(�2) = 25�22E0s � 15�22E0C < 0

1 < E0C2E0s = x



The surface energy for a sphereE0s = 17:80A2=3
The Coulomb energy for a sphereE0C = 0:7103 Z2A1=3
The fissility parameter x:x = Z250:13A

Z A x
50 124 0.402

82 208 0.645

92 138 0.709

100 252 0.792

114 298 0.870

125 328 0.950

130 335 1.006



Discrepancy (Exp. − Calc.) 

Calculated 

Experimental 

σth = 0.831 MeV 

FRLDM(1981) 
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Potential Energy of Deformation

We use the macroscopic-microscopic method introduced by

Swiatecki and Strutinsky:Epot(shape) = Emar(shape) +Emir(shape) (1)

The macroscopic term is calculated in a liquid-drop type

model (for a specific deformed shape).

The microscopic correction is determined in the following

steps

1. A shape is prescribed

2. A single-particle potential with this shape is generated.

A spin-orbit term is included.

3. The Schrödinger equation is solved for this deformed

potential and single-particle levels and wave-functions

are obtained

4. The shell correction is calculated by use of Strutinsky’s

method.

5. The pairing correction is calculated in the BCS or

Lipkin-Nogami method.



Shape Parameterizations

For small distortions we use multipole expansions, for

example the � parameterization:

r(�; �) = R0(1 + 1Xl=1 lXm=�l�lmY ml )
For large deformations near the outer saddle in the actinide

region or beyond we use the three-quadratic-surface

parameterization:

�(z)2 =
8>>>>>>><>>>>>>>:

a12 � a1212 (z � l1)2 ; l1 � 1 � z � z1a22 � a2222 (z � l2)2 ; z2 � z � l2 + 2a32 � a3232 (z � l3)2 ; z1 � z � z2
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Model spin and parity compared to experiment 

Rare earths 

A ≈ 100 
A ≈ 80 

FRDM (1992) 
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Model spin and parity compared to experiment 

Actinides 

Rare earths 

FRDM (1992) 
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 β− decay,  ∆v = 0 transition 
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 β− decay,  ∆v = 2 transition 
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 β− decay,  ∆v = 0 transition 
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 β− decay,  ∆v = − 2 transition 
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  ε2 =    0.317 

  ε4 =    0.007 

  ε6 = − 0.014 

P1n = 29.93 %  T1/2 = 41.76 (ms) 
Folded-Yukawa potential  λn = 33.36 MeV 

 λp = 30.48 MeV 

  a = 0.80 fm 

 ∆n = 0.99 MeV 

 ∆p = 1.11 MeV 

(L-N) Rb Sr+e−  37 
 99  99  38 

S1n Qβ S2n S3n 

P1n,exp = 15.9 %  

T1/2,exp = 50.3 (ms) 
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β− decay (Theory: GT + ff) 

Total Error = 4.82  for 546 nuclei, Tβ,exp < 1000 s 
Total Error = 3.08  for 184 nuclei, Tβ,exp < 1 s 
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β− decay (Theory: GT) 

Total Error  = 21.16 for 546 nuclei (13 clipped), Tβ,exp < 1000 s 
Total Error  =  3.73 for 184 nuclei, Tβ,exp < 1 s 
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β− decay (Th-2012: GT + ff) 

Total Error = 2.25  for 118 nuclei, Tβ,exp < 100 ms 
Total Error = 2.68  for 272 nuclei, Tβ,exp < 1 s 
Total Error = 4.26  for 670 nuclei, Tβ,exp < 1000 s 
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β− decay (Th-2012: GT ) 

Total Error = 2.47  for 118 nuclei, Tβ,exp < 100 ms 
Total Error = 3.28  for 272 nuclei, Tβ,exp < 1 s 
Total Error =27.49  for 670 nuclei, Tβ,exp < 1000 s 
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Table 1: Analysis of the discrepancy between calculated (with our 1997–2003 models) and measured β−-
decay half-lives. The experimental data file is Nubase12. The number of 0.1s half-lives increased from 42 to
118.

Model n Mrl M10
rl

σrl σ10
rl

Σrl Σ10
rl

Tmax
β,exp

(s)

GT 670 0.38 2.39 1.22 16.47 1.27 18.79 1000.00
GT + FF 670 0.02 1.04 0.64 4.36 0.64 4.36 1000.00

GT 552 0.28 1.89 0.98 9.45 1.01 10.32 100.00
GT + FF 552 0.02 1.06 0.57 3.73 0.57 3.73 100.00

GT 414 0.20 1.59 0.71 5.16 0.74 5.50 10.00
GT + FF 414 0.04 1.10 0.51 3.21 0.51 3.22 10.00

GT 272 0.15 1.42 0.54 3.49 0.56 3.66 1.00
GT + FF 272 0.04 1.09 0.43 2.70 0.43 2.71 1.00

GT 229 0.11 1.29 0.47 2.97 0.49 3.06 0.50
GT + FF 229 0.02 1.06 0.41 2.59 0.41 2.60 0.50

GT 159 0.08 1.21 0.45 2.79 0.45 2.84 0.20
GT + FF 159 0.02 1.04 0.40 2.53 0.40 2.54 0.20

GT 118 0.07 1.18 0.43 2.72 0.44 2.76 0.10
GT + FF 118 0.01 1.02 0.39 2.44 0.39 2.44 0.10

GT 67 0.04 1.10 0.37 2.36 0.38 2.37 0.05
GT + FF 67 0.00 1.01 0.36 2.28 0.36 2.28 0.05

GT 29 0.11 1.29 0.34 2.21 0.36 2.30 0.02
GT + FF 29 0.07 1.19 0.34 2.17 0.35 2.21 0.02



β− decay (Theory:GT + ff) 

Total Error = 3.52 
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β− decay (Th-2012: GT+ff ) 

Error = 2.66  for 60 nuclei, Tβ,exp < 0.1 s 

Error = 3.39  for 188 nuclei, Tβ,exp < 100 s 
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β− decay (Th-2012: GT ) 

Error = 3.10  for 60 nuclei, Tβ,exp < 0.1 s 

Error = 4.32  for 184 nuclei, Tβ,exp < 100 s 
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µ529 = 0.884 MeV 
σ529 = 1.308 MeV 
σ1323 = 0.629 MeV 
Neutron and proton-rich nuclei 

von Groote et al. (1976) 

µ127 = 1.733 MeV 
σ127 = 2.159 MeV 
Neutron-rich nuclei only 

µ402 = 0.645 MeV 
σ402 = 0.983 MeV 
Proton-rich nuclei only 

New Masses in Audi 2003 Evaluation, 
Relative to 1989, Compared to Theory 
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µ529 = 0.478 MeV 
σ529 = 1.069 MeV 
σ1323 = 0.631 MeV 
Neutron and proton-rich nuclei 

Hilf et al. (1976) 

µ127 = 1.838 MeV 
σ127 = 2.310 MeV 
Neutron-rich nuclei only 

µ402 = 0.081 MeV 
σ402 = 0.605 MeV 
Proton-rich nuclei only 

New Masses in Audi 2003 Evaluation, 
Relative to 1989, Compared to Theory 
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σ309 = 0.956 MeV 
σrms = 0.704 MeV 

Seeger-Howard (1975) 
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σ346 = 0.738 MeV 
σrms = 0.276 MeV 

Liran-Zeldes (1976) 

− 20 − 15 − 10 − 5 0 5 10 15 
Neutrons from β-stability 

− 6 

− 4 

− 2 

0 

2 

4 

6 
M

ex
p 

− 
M

ca
lc
 (

M
eV

) 



σ529 = 0.462 MeV 
σ1654 = 0.669 MeV 

FRDM (1992) 

New Masses in Audi 2003 Evaluation, 
Relative to 1989, Compared to Theory 
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σ217 = 0.642 MeV 
σ1654 = 0.669 MeV 

FRDM (1992) 

New Masses in Audi 1993 Evaluation, 
Relative to 1989, Compared to Theory 
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Successive FRDM enhancements

Optimization (2006)
Better search for optimum FRDM parameters.
Accuracy improvement: 0.01 MeV

New mass data base (AME2003) (2006)
Better agreement than with AME1989.
Accuracy improvement: 0.04 MeV

Full 4D energy minimization (2006–2008)
Full 4D minimization(ǫ2, ǫ3, ǫ4, ǫ6) step=0.01.
Accuracy improvement: 0.02 MeV

Axial asymmetry (2002–2006)
Also yields correct SHE gs assignments.
Accuracy improvement: 0.01 MeV

L variation (2009–2011)
Accuracy improvement: 0.02 MeV

Improved gs correlation energies (2012)
Accuracy improvement: 0.01 MeV



FRDM(1992) adj. to AME1989  Comp. to AME 2011 
Discrepancy (Exp. − Calc.) 
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FRDM(2012)  Compared to AME2011 
Discrepancy (Exp. − Calc.) 
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Spheroidal Deformation ε2



Number of Minima 

Depth > 0.20 MeV, Eex < 2.0 MeV, ε2 < 0.45 
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FRDM(1992) Compared to FRDM(2012) 
Difference (FRDM(1992) − FRDM(2012)) 
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Z A AME2003 Trap FRDM(1992) Dev.-1992 FRDM(2012) Dev.-2012
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

38 80 -70.308 -70.313 -68.840 -1.473 -70.385 0.072
38 81 -71.528 -71.528 -70.650 -0.878 -71.688 0.160
38 84 -80.644 -80.648 -80.880 0.232 -81.474 0.826
40 86 -77.800 -77.971 -77.960 -0.011 -78.646 0.675
41 85 -67.150 -66.279 -65.350 -0.929 -66.559 0.280
42 85 -59.100# -57.510 -55.750 -1.760 -57.441 -0.069
42 86 -64.560 -64.110 -62.720 -1.390 -63.913 -0.197
42 87 -67.690 -66.882 -66.030 -0.852 -67.043 0.161
43 87 -59.120# -57.690 -56.540 -1.150 -57.786 0.096
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FRDM (1992) 

σth = 0.6314 MeV 
Exp. = AME2003 
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σth = 0.5595 MeV 
Exp. = AME2003 
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HFB21 

σth = 0.5587 MeV 
Exp. = AME2003 
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FRDM (2012) 

σth = 0.5595 MeV 
Exp. = AME2003 
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Qα Deviations beyond N = 126

Region Model Nuclei RMS

(MeV)

Z > 82 SkM* 46 2.6

Z > 82 Sly4 46 2.6

Z > 82 HFB21 145 0.409

Z > 82 FRDM(1992) 145 0.463

Z > 82 FRDM(2012) 145 0.326

Z > 88 SkM* 36 1.7

Z > 88 Sly4 36 2.2

Z > 88 HFB21 101 0.367

Z > 88 FRDM(1992) 101 0.448

Z > 88 FRDM(2012) 101 0.274



Mass Models Compared to AME2003 

HFB(Sly4): 
σ =    5.11 (MeV) 
µ = − 2.94 (MeV) 

FRDM(1992): 
σ =    0.67 (MeV) 
µ = + 0.02 (MeV) 
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HFB2 (Goriely) 
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Physical Review C 79 (2009) 064304
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⇐  ε2>0.1 ε2<0.1 ⇒  

Dubna exp. 
Muntian et al. (2003) 
Sobiczewski (2010) 
FRDM (1992) 
FRLDM (1992) 

α-Decay Chain from 294117 
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Neutron Separation-Energy Contours (1,2,3,4) 

FRDM(2012) 
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Fission Barrier and Associated Shapes for 228Ra 

Separating ridge 
Symmetric mode 
Asymmetric mode 

G
raphics by P

eter M
öller

0 2 4 6 8 10 
Nuclear Deformation (Q2 / b)(1/2) 

− 5 

0 

5 

10 

F
is

si
on

-B
ar

rie
r 

H
ei

gh
t (

M
eV

) 



Calculated Fission-Barrier Height 

   

   

1 2 3 4 5 6 7 8 
Bf(Z,N) (MeV) 

130 140 150 160 170 180 190 200 210 220 230 
Neutron Number N 

80 

90 

100 

110 

120 

130 

P
ro

to
n 

N
um

be
r 

Z
 



Rußbach, 2014 

Deficiencies and improvements to fits to Nr,☼ 



The FK2L waiting-point approach (IV) 

       birth of N=82 

さshell-ケueﾐIhiﾐgざ  

           idea … 

さ…Hest fit so faヴ…; 
long-staﾐdiﾐg pヴoHleﾏ sol┗ed…ざ 

                       W. Hillebrandt 

さ…Iall foヴ a deepeヴ study… 

before rushing into numerical 

ヴesults…  
and premature comparisons 

┘ith the oHseヴ┗ed aHuﾐdaﾐIesざ 

                         M. Arnould 

…this IatIh┘oヴd Ioiﾐed Hy  
W. Nazarewicz later led to 

semantics and misinterpretations  



Impact of nuclear masses at N = 82 

Effect of Sn around N=82 shell closure  

“static” calculations (Saha equation)  

       break-out at N=82 130Cd 

astrophys. parameters (T9, nn, τn) and T1/2 kept constant 

“time-dependent” calculations (w.-p.) 

        r-matter flow to and beyond A=130 

peak 

Already FK2L (ApJ 403) concluded from their fits to Nr,ʘ : 

”the calculated r-abundance ”trough“ in the A ≈ 120 region reflects the weakening of 
the shell strength below 132Sn82 .“ 





Effects of N=82 "shell quenching" 
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• high-j orbitals      (e.g. h11/2) 

• low-j orbitals       (e.g. d3/2) 

• evtl. crossing of orbitals 

• new “magic” numbers / shell gaps 

  (e.g. 110Zr70, 
170Ce112)    

"Shell quenching"  

 
…reduction of the spin-orbit coupling strength;  

caused by strong interaction between bound 

and continuum states;  

due to diffuseness of "neutron-skin" and its 

influence on the central potential… 

• shell-gaps 

• deformation 

• r-process path (Sn) 

• r-matter flow (τn) 

change of 



r-Process calculations with MHD-SN models 

β01β …   new “hot r-process topic”  magnetohydrodynamic SNe  

         …   but, unfortunately not with the optimum nuclear-physics input…  

 
“We investigate the effect of newly measured ß-decay 

half-lives on r-process nucleosynthesis. We adopt …  
a magnetohydrodynamic supernova explosion model…  
The (T1/2) effect slightly alleviates, but does not fully 

explain, the tendency of r-process models to underpro- 

duce isotopes with A = 110 – 1β0…”  

“We examine magnetohydrodynamically driven SNe  
as sources of r-process elements in the early Galaxy…  
… the formation of bipolar jets could naturally provide 

a site for the strong r-process…”  

Ap.J. Letter 750 (2012) 

Phys.Rev. C85 (2012) 

In both cases FRDM 1992 masses 

have been used 

       partly misleading conclusions 



Deviation from SS-r:  FRDM vs. ETFSI-Q 

How to fill up the FRDM A  115 “trough” ? 

• if via T1/2 (as e.g. suggested by Nishimura, 

Kajino et al.; PRC 85 (2012)), on average all 

r-progenitors between 110Zr and 126Pd should 

have 

7.5 x T1/2(FRDM)   350 ms →   
                 2 x T1/2(

130Cd) at top of r-peak 

• it must be the progenitor masses,  
 via Sn (and correlated deformation ε2)  



Reproduction of Nr, 

Superposition of S-components with Ye=0.45;  

                                                              weighting according to Yseed 

No exponential fit to Nr, !  

                   Process duration [ms] 

Entropy S    FRDM   ETFSI-Q               Remarks 

150            ヵヴ             ヵΑ             A≈ヱヱヵ ヴegioﾐ 

180          209           116             top of A≈ヱンヰ peak 

220          422           233             REE pygmy peak 

245          691           339             top of A≈ヱΓヵ peak 

260        1290           483             Th, U 

280        2280           710             fission recycling 

300        4310         1395                   さ           さ  

significant effect of  

    さshell-ケueﾐIhiﾐgざ 

    below doubly-magic 

  132Sn 

T 

T 

T 

T 
 

T 

T 

T 

T 

 



SPHERICAL DEFORMED 

REE pygmy peak due to deformation, not from fission cycling! 

The Nr, rare-earth pygmy peak 

Today, in principle confirmed by 

new calculations using the 

“deformed“ FRDM β01β and 

two different T1/2 & Pn data sets 

       effect of β-decay properties 

What is the origin of the REE r-abundance peak ? 

Already about 15 years ago,  

first indications from calculations  

using two different mass models 

         effect of Sn 



Comparison between Nr, and  

r-abundances calculated with  

FRDM(1992) and FRDM(2012) 

in both cases normalized to 195Pt. 

First HEW calculations with FRDM(2012) and QRPA(2012) 

Good news at the end… 

Improvements and remaining  

deficiencies: 

• still overabundances in the  

  80≤A≤ヱヱヰ ﾏass regioﾐ 

• さaHuﾐdaﾐIe troughざ at A120 

  removed 

• 2nd r-peak slightly improved, but 

  top still too low 

• N=82 bottle-neck behavior improved 

• perfect reproduction of the deformed 

  REE さpygﾏy-peakざ 

• shape of 3rd r-peak well reproduced   

• shape-transition region above N=126  

  still imperfect   deep trough 

• Pb,Bi here too low because major 

  contribution from α-backdecay not  

  yet included         

Summary and conclusion:  

        promising progress, but still much remains to be done in all interrelated fields 
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